We study nonlinear waves in a prominence foot using 2.5D MHD model moti- The 2.5D MHD numerical model is constrained with the typical parameters of the prominence waves seen in observations. Our numerical results reproduce the nonlinear fast magnetosonic waves and provide strong support for the presence of these waves in the prominence foot. We also explore gravitational MHD oscillations of the heavy prominence foot material supported by dipped magnetic field structure.
Introduction
Large scale oscillations in prominences and filaments triggered by flares have been observed in Hα in the past using ground-based telescopes (e.g., Ramsey & Smith 1965; Hyder 1966; Thompson & Schmieder 1991) as well as in He I (Yi & Engvold 1991) .
Observations of oscillations in prominences are important for prominence seismology (e.g., Oliver & Ballester 2002; Oliver 2009; Arregui et al. 2012; Heinzel et al. 2014; Ballester 2015) , and due to the possible role of MHD waves in heating of the prominence material (Ofman & Mouradian 1996; Ofman et al. 1998) . Recently with the advent of high resolution observations (both ground-based and space-based), detailed resolved observations of small-scale oscillations and waves in prominence threads became possible (see the review by Lin 2011) . In particular, Hinode/Solar Optical Telescope (SOT) (Kosugi et al. 2007; Tsuneta et al. 2008 ) has provided high-resolution and cadence observations for transverse waves in prominences (Okamoto et al. 2007 ). However, the observations are often interpreted in terms of linear MHD waves using linearized models. The linear studies of prominence oscillations in terms of slab models were carried out in the past (e.g. Joarder & Roberts 1992a ,b, 1993 as well as recently (e.g. Schmieder et al. 2013; Heinzel et al. 2014 ).
The magneto-acoustic gravity models in prominences have also been in the linear regime (e.g., Oliver et al. 1992 Oliver et al. , 1993 . While linear models may provide an adequate description of small amplitude waves in many observations, in some instances nonlinear effects can not be ignored, in particularly in large amplitude oscillations (Tripathi et al. 2009 ). Only few studies are devoted to theoretical models of nonlinear MHD waves in prominences (e.g., Chin et al. 2010; Terradas et al. 2013; Takahashi et al. 2015) .
Recently, Schmieder et al. (2013) reported detailed observations of propagating wave-like features in a quiescent prominence pillar (foot) observed by Solar Dynamics Obesrvatory (SDO) Atmospehric Imaging Assembley (AIA) (Pesnell et al. 2012; Lemen et al. 2012) showing evidence of quasi-period oscillations and upward (radial) propagation in the foot. Schmieder et al. (2013) found that the propagating small-scale features move upward with velocities of 10 km s −1 , period ∼300 s, and a wavelength ∼2000 km, and interpreted the features in terms of linear fast magnetosonic waves. The interpretation was supported by estimates of possible ranges of various wave speeds in the prominence foot (sound, Alfvén, fast magnetosonic) based on the observed field strength, estimated density and line of sight, and by linear 2D MHD model of trapped linear fast magnetosonic waves. However, the amplitude of the oscillations is not small compared to the background intensity and exhibits increased relative magnitude with height. The waves appear to exhibit sharp fronts, in disagreement with the linear model predictions of sinusoidal time dependence. This suggests that nonlinear effects are important in the dynamics of these waves, affecting steepening that in turn can result in faster dissipation of the energy flux carried by the waves.
In the present study we extend the work of Schmieder et al. (2013) by performing additional detailed analysis of the 2012 Oct 10 prominence focusing on the observed propagating wave-like features at lower heights in the prominence foot, and finding further evidence of their nonlinear nature. The results of our analysis are supported by nonlinear 2.5D (two spatial dimensions and three components of velocity and magnetic field) MHD modeling of the propagating, trapped, nonlinear fast magnetosonic waves. We find that the interpretation of the observed propagating features in terms of nonlinear fast magnetosonic waves is in better agreement with observations then previous linear studies. We also study the nonlinear waves produced by the magneto-acoustic gravity modes in a prominence.
The paper is organized as follows: in Section 2 we present the observational results of the 2010 Oct 10 prominence foot oscillations, in Section 3 we present the MHD model, the initial state, and the boundary conditions used in the present study, Section 4 is devoted to numerical results, and Section 5 to discussion and conclusions.
Prominence foot observation on 2012 Oct 10
In Figure 1 the context image of the prominence observed in EUV on 2012 Oct 10 at 03UT by SDO/AIA is shown. Figure 1a shows the 193Å image that corresponds to 1MK
plasma emission. The image shows the quiet Sun region on the solar disk, an active region in the top right end of the limb, and the overlaying EUV loops off-limb. Some prominence material is evident as dark absorption features in the central off-limb region, marked by the arrow. Figure 1b shows the same region as seen in 304Å emission that corresponds to cooler material at ∼50,000K emission (Labrosse & McGlinchey 2012) . Here, the off-limb structure of the prominence becomes evident, and the location of the prominence foot is marked by the arrow. The animations in the online version of this figure show the various flows associated with the prominence material. However, the ∼1" resolution of the SDO/AIA is not sufficient to show the propagating small-scale features discussed below.
The Hinode/SOT image of the prominence foot in the Ca II H line on 2010 Oct 10 at 14:04:47 UT is shown in Figure 2 Since a compressional MHD wave is expected to steepen with height due to the gravitational stratification of the background density, and conservation of the wave energy flux, we plot the height dependence of δI/I of the waves, where δI is the perturbed intensity in Figure 7 . It should be noted that while some gravitational stratification of the density is expected, it is diminished by the effects of the background magnetic field that supports the prominence material, and it may have nonuniform height dependence due to the complexity of the magnetic and density structure of the prominence. The error bars of δI/I are shown with the vertical segments. We find in the examined features that there is an increasing trend in δI/I with height, which is qualitatively proportional to δn/n in the observed Ca II emission. It is evident that feature 2 shows an increasing trend above 12", and feature 3
shows an increasing trend between 11" and 14", while features 4 and 5 show increasing trends between 11" and 13.5". Moreover, it is evident that δI/I is not 1 with nonlinear effects becoming more important as the ratio increases. Thus, the height evolution of the observed propagating relative fluctuations is in agreement with the expected evolution of a nonlinear fast magnetosonic wave propagating into gravitationally stratified atmosphere.
MHD Model
We solve the nonlinear resistive MHD equations in two spatial dimensions with the standard notation for the variables given by
The normalization in equations (1)- (4) is given by r → r/R s ,
is the background density, and p 0 is the pressure in the corona outside the prominence foot at r = 1R s . In the present study viscosity is neglected, as well as the effects of heating and cooling. Other physical parameters are the Lundquist number S (in the present study we set S = 10 5 and the resistivity is negligible), the Froude number
, where G is the gravitational constant and M s is the solar mass, and the Euler number
A , where C s is the sound speed in the present study. In the present model we set B 0 = 5 G, n 0 = 10 9 cm −3 , T 0 = 10 6 K, which results in V A = 345 km s −1 , τ A = 33.8 min, and C s = 166 km s −1 with γ = 5/3. With this normalization, the thermal to magnetic pressure ratio β = 8πp 0 /B 2 0 = 2E u = 0.2776. The equations are solved in two spatial dimensions keeping three components of the velocity and the magnetic field (2.5D) using Cartesian geometry with the 4th order Runge-Kutta method in time, and 4th order spatial differencing on a 256 2 grid. A fourth order numerical viscosity is included (e.g. Hamming 1973 ) for stability purposes. The numerical code used in the present study is adapted from the code initially developed to study waves in coronal holes and plumes (Ofman & Davila 1997 Ofman et al. 1999; Ofman & Deforest 2000) . The nonlinear solutions are obtained with respect to an initial state and for the boundary conditions described below.
In optically thick plasma the relation between the density and the intensity is complex and nonlinear, and in principle should be modeled by computationally costly radiative MHD codes (e.g., Gudiksen et al. 2011 ). However, radiative MHD models were not yet applied to this observation, and it is not the goal of the present study to determine the exact values of the density or temperature, but to study the wave properties which may provide qualitative agreement with the present, more simplified MHD model. In order to relate the results of the observations to the MHD model calculations we make the working assumption that δI/I ∼ δn/n. The proportionality assumption of the ratios implies to first order in the relative perturbation that I ∼ n α , and covers the possible cases of optically thin (α = 2 for collisional excitation) as well as qualitatively optically thick (0 < α < 2) plasma. Nevertheless, the exact values of α or n do not affect our results. The first order approximation is valid due to small values of δI/I in most cases, evident in Figure 7 .
Initial State and Boundary Conditions

Constant horizontal magnetic field
Observations and models indicate that the magnetic field inside the prominence foot is dominated by the horizontal magnetic component (e.g. Dudík et al. 2012) . Therefore, in order to model the nonlinear waves in the prominence foot we initialize the model with uniform horizontal magnetic field B = B 0x and nonuniform temperature and density profiles along the field of the form
where T min is the minimal temperature inside the foot, T max is the temperature outside the foot, w = 0.1 is the half-width of the foot, and x 0 = 0 is the location of the center of the foot. In this study we assume T min /T max = 0.01. The corresponding density profile is obtained from the pressure balance conditions in the x direction using the normalized equation of state with constant thermal pressure p 0 . Thus, in the prominence foot the sound and the Alfvén speeds decrease by a factor of 10 compared to the outside region.
The x-dependence of the density and temperature for the above initial state are shown in Figure 8 . This configuration is similar to the prominence model of Joarder & Roberts (1992b) , but with continuous temperature and density variation at the interface between internal and external regions.
The fast mode waves are driven by periodic velocity perturbations at the lower (coronal) boundary by imposing time dependent fluctuations inside the foot given by
where V 0 is the amplitude of the velocity perturbation, ω = 26.545 is the normalized driving frequency that corresponds to an 8 min period -close to the average period of the observed waves reported in Section 2 above. This form of the time dependence provides Hereafter, we refer to this model as 'model A'.
Two dimensional magnetic field
In the second part of our study we include gravity, using the nonuniform twodimensional background magnetic field based on the prominence magnetic field model of Terradas et al. (2013) given by
where
, and L = 20. This form of the magnetic field provides B z (x = 0) = 0 and the field is dominated by B x near x = 0 -the location of the model prominence foot (see, Figure 9 ). The curvature of the field combined with gravity leads to trapping of the cool prominence material in the foot. Note, that for numerical convenience reasons the distances are normalized by 0.1R s in this section, and the corresponding Alfvén time is 3.38 min. We also use here the polytropic energy equations with γ = 1.05 to account implicitly for heating of the plasma column.
The above initial state is supplemented by gravitationally stratified density structure that in Cartesian geometry is approximated as
where n 0 is the normalized density at z = 0, r 0 = 10 is the location of the chromosphere- 
Numerical Results
Model A
In Figure 10 we show the density and the magnetic field structure of the model A prominence foot using the 2.5D MHD equations with injected waves amplitude V z0 = 0.02 at t = 1.68. The temporal evolution of the velocity components, perturbed density, n 1 , perturbed temperature, T 1 , and the perturbed magnetic field components at height z = 1.1 in the center of the model prominence foot are shown in Figure 11 for the driving velocity amplitude V z0 = 0.01, and at a height z = 1.1 for V z0 = 0.02 in Figure 12 . The variations in the temperature perturbation are in-phase with the density perturbation as expected for the propagating wave. It is evident that the periodic velocity injection produces the fast magnetosonic wave with V z oscillations in phase with density, temperature, and B z oscillations. In addition nonlinear compression due to the waves produces V x that has a growing (secular) and oscillating part in anti-phase with the fast magnetosonic wave. The The effects of the wave pressure on the background structure become more significant with increased wave amplitude. While δ(I) depends both on temperature and density oscillations, it is evident from the model that the variation of T 1 is small, and the main temporal evolution of δ(I) is affected by the density oscillations.
Model B
In this model we show the results of the model B prominence foot where the initial magnetic field structure varies in two dimensions with dipped field as evident in Figures 9 and 13. The resolution in the x-direction in the 2.5D MHD model is doubled to 512 since the full range of x is included in the model (i.e., the symmetry conditions are not applied at x = 0). In addition to the background equilibrium potential magnetic field and gravitationally stratified density, 'heavy' prominence foot material is introduced at t = 0 as shown by the bright (high density) region in Figure 13 . This results in gravitationally unstable initial state that produces gravity mode oscillations where the initially potential dipped magnetic field is dragged down by the heavy prominence foot material that is (nearly) frozen-in to the field in most of the structure due to low resistivity. This in turn, leads to stretching and bending of the field and the formation of currents that produce a restoring Lorentz force, leading to oscillations of the magnetized foot structure (see online animation of the Figure 13 ). Since the lower part of the magnetic structure contains an
x-point, due to the change of the magnetic topology, the prominence foot material can slip in this region due to the finite diffusion and gravitational acceleration affecting the oscillations, eventually destabilizing and disrupting the high density structure.
The nonlinear gravitational mode oscillations are dramatically different from the nonlinear fast magnetosonic wave described above. In Figure is before the disruption of the heavy prominence material due to reconnection at the foot.
Observational evidence suggest that qualitatively similar oscillations with gravity as the restoring force are observed by SDO/AIA (e.g., Li & Zhang 2012; Luna et al. 2014) .
Discussion and Conclusions
Recent high spatial and temporal resolution observations of a prominence foot with Hinode/SOT Ca II emission show evidence of upward propagating disturbances. THEMIS observations provide the diagnostic of the prominence foot magnetic field and find fields in the range 5-14 G. The typical density of the prominence material in the range 10 10 -10 12 cm −3 and temperature of ∼8000K provide constraints on the possible sound, Alfvén, and fast magnetosonic speeds. These observations were interpreted as linear fast magnetosonic waves by Schmieder et al. (2013) .
We find that the disturbances are likely trapped nonlinear fast magnetosonic waves propagating perpendicular to the magnetic field of the prominence foot. This conclusion is supported by observations of strong nonlinear features, such as the non-sinusoidal form of the oscillations with sharp fronts, and an increase of δI/I ∼ δn/n with height over a significant range of heights in the prominence foot. The assumed proportionality of the ratios allows to first order a power law dependence between the observed intensity and the density of the pillar that may approximate both, optically thin and thick plasma. However, the exact values of the (positive) power or the density do not affect our results.
We perform 2.5D MHD modeling of the nonlinear fast magnetosonic waves in a model prominence foot with horizontal magnetic field, high density, and low temperature (model A) using the typical parameters of the observations. The waves are driven by periodic velocity upflows at the coronal boundary producing associated density and magnetic field compressions. We find qualitative agreement of the modeled nonlinear fast magnetosonic waves features with observational signatures from Hinode/SOT that supports our interpretation in terms of nonlinear waves. The nonlinearity affects the propagation of the waves and the possible energy flux that can be carried and dissipated more rapidly than by linear waves.
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